The state of the art in failure modeling enables assessment of crack nucleation, propagation, and progression to fragmentation due to high velocity impact. Vulnerability assessments suggest a need to track material behavior through failure, to the point of fragmentation and beyond. This field of research is particularly challenging for structures made of porous quasi-brittle materials, such as ceramics used in modern armor systems, due to the complex material response when loading exceeds the quasi-brittle material's elastic limit. Further complications arise when incorporating the quasi-brittle material response in multi-material Eulerian hydrocode simulations.
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In this report, recent efforts in coupling a ceramic materials response in the post-failure regime with an Eulerian hydro code are described. Material behavior is modeled by the Kayenta material model [2] and Alegra as the host finite element code [14] . Kayenta, a three invariant phenomenological plasticity model originally developed for modeling the stress response of geologic materials, has in recent years been used with some success in the modeling of ceramic and other quasi-brittle materials to high velocity impact. Due to the granular nature of ceramic materials, Kayenta allows for significant pressures to develop due to dilatant plastic flow, even in shear dominated loading where traditional equations of state predict little or no pressure response. When a material's ability to carry further load is compromised, Kayenta allows the material's strength and stiffness to progressively degrade through the evolution of damage to the point of material failure. As material dilatation and damage progress, accommodations are made within Alegra to treat in a consistent manner the evolving state. The focus of this Early Career Lab Directed Research and Development (ECLDRD) project (referred to simply as the project in the body of this report), focused on the development of constitutive softening routines in the Kayenta material model [2, 7] and integration of the Kayenta in the Alegra [14] finite element code. The target application was predicting depth of penetration in hardened ceramic armor. A summary of key accomplishments. While the target application was narrow in focus, this project made wide ranging impacts in several areas of strategic interest to SNL: Sierra SM Integration Early efforts focused on integrating Kayenta in to the Sierra SM suite of finite element codes. Integration included coupling the Kayenta softening schemes with Sierra's multi-level control failure framework, creation of new elastic moduli fitting functions, and continued development of Kayenta's orthotropic jointing capabilities.
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Payette development Payette is a material model development toolkit that was developed as an environment for material model development. Payette allows for rapid development and testing of new constitutive features. Additionally, Payette provides analysts tools for determining parameter sensitivity and optimization.
Kayenta model development The core of the project centered around development of thermodynamically consistent incorporation of high pressure equation of state in Kayenta and constitutive descriptions of material damage and softening. The existing time to failure softening model was supplemented by total and plastic strain to failure descriptions. A novel spall failure criterion was developed and implemented.
Alegra Integration Equation of state and damage routines in Kayenta were integrated in to the Alegra finite element code.
The research activities in this project have already resulted production ready technologies that are making impacts in other projects internal and external to SNL. The work is currently being leveraged in several projects at SNL [11, 3] and researchers at the Army Research Labs are currently using the work in their investigations.
This report describes efforts during the latter half of fiscal year 2012 and beginning of fiscal year 2013. Chapter 4 describes the Payette material model driver and presents the advantages of developing constitutive models in a stand alone tool. Chapters 2 and 3 describe the Kayenta material model, developments in damage routines, and coupling with a high pressure equation of state and Alegra. Finally, concluding remarks are made in 5.
Chapter 2 The Kayenta Material Model
Kayenta, an outgrowth of the Sandia GeoModel [2] , is a general three invariant phenomenological plasticity model developed for use with geological and rock-like engineering materials. Like most classical plasticity models, Kayenta presumes that a boundary between elastically obtainable stress states and stress states unobtainable through inviscid processes exists and is called the yield surface. Mathematically, the yield surface is expressed in terms of a stress dependent yield function f (σ). The yield criterion is the statement that f (σ) ≤ 0 ∀ σ. We say that a material has yielded if for a trial elastic stress σ trial , the yield criterion is violated, or f σ trial > 0. In this case, the material is said to "flow" plastically. The goal of the plasticity problem then becomes finding the portion of the strain rate attributible to plastic deformation such that the yield criterion is satisfied and the solution advanced. In this chapter, an overview of Kayenta is presented. For further details, consult [2] .
Elasticity
Kayenta supports both linear and nonlinear elasticity, and presumes that the material and its elastic stiffness are isotropic 1 and obey Hooke's laẇ
whereε e is the rate of elastic strain (withε e v its volumtric part andγ e its deviatoric part), δ is the second-order identity tensor, and κ and µ are the nonlinear elastic bulk and shear moduli functions, given by
and the b i and g i , ε p v , and γ p eq are model fitting parameters, platic volume strain, and scalar plastic shear strain, respectively. Kayenta presumes that the rate of strainε is the sum of elastic and plastic components 2 , ε =ε e +ε p , so that the stress/strain relationship in Equation (2.1) can instead be expresseḋ
whereε v ,ε p v ,γ,γ p are the volumetric and deviatoric parts of the total and plastic strain rates, respectively.
The plasticity problem begins by tentatively assuming that the entire stress increment is elastic (ε p = 0), thus producing a "trial" stress σ trial . If f σ trial ≤ 0, the trial stress becomes the updated stress and the solution is complete. If, on the other hand, f σ trial > 0, plastic flow occurs and the equations of elasticity must be suplemented by the equations of plasticity.
Plastic Flow
Representing the rate of plastic strain as the product of its magnitudeλ and (unit) direction m, the rate of stress in Equation (2.3) becomeṡ
where p = C:m is the plastic return direction and p =λ (p − 1/3 tr pδ) is its deviatoric part 3 . In the literature, one encounters several definitions of the plastic flow direction m, given by
where φ is a "flow potential". If φ = f , the plastic flow is said to be associative, otherwise the flow is non-associative. It should be noted, that non-associative plastic is known to violate thermodynamics [15, 12] , though it is still commonly adopted. Kayenta supports both associative and non-associative plastic flow, with this caveat.
Isochoric Plastic Flow
Isochoric plastic flow is plastic flow occurs in materials that exhibit plastic incompressibility during plastic loading. In these materials, the strength is independent of the confining pressure, consequently, the plastic flow and return direction are purely deviatoric, as shown in Figure 2 .1. In this case tr p = 0 and the stress/strain relationship in Equation (2.4) reduces toσ
In other words, the deviatoric response is fully decoupled from the hydrostatic response. The Von Mises yield criterion is an example of a yield criterion that emits isochoric plastic flow and is appropriate for materials such as most metals in which the assumption of plastic incompressibility is acceptable. 
Dilatant Plastic Flow
Dilatant plastic flow occurs in materials that exhibit plastic compressibility during plastic loading. In these materials, the strength is dependent on the confining pressure and the plastic flow has a hydrostatic component, in addition to the deviatoric component described above and as shown in Figure ( 2.2). In this case, the stress/strain relationship in Equation (2.4) cannot be decoupled in to independent hydrostatic and deviatoric components.
The linear/nonlinear Drucker-Prager yield criterion are examples of yield criteria that emit dilatant plastic flow and are appropriate for materials in which strength increases with confining pressure, such as geologic and engineered geologic-type materials. For materials that also exhibit an upper limit in the amount of supportable hydrostatic pressure, the yield function is enhanced with the addition of a "cap" on the upper limit of hydrostatic pressure.
The Kayenta Limit Surface
Kayenta adopts a continous nonlinear yield surface that combines features of a nonlinear Drucker-Prager surface with a cap in a phenomenological manner. The yield function is given by
where I 1 , J 2 , and Θ are three independent invariants of the stress tensor σ and its deviator s:
f f is a nonlinear Drucker-Prager yield function that governs material behavior in shear dominated loadings, given by
where the a i are fitting parameters.
f c is a nonlinear Pelessone function "cap" function that governs the behavior of porous media during hydrostatically dominated loadings, given by
where κ and X are variables representing the evolution of pores in the material.
Finally, the multiplier function Γ on J 2 is a function of Θ whose form varies depending on user inputs and allows Kayenta to match observations that quasi-brittle materials are generally weaker in triaxial extension than triaxial compression.
Depending on the choice of model parameters, Kayenta is capable of producing, among others, any of the following features
• Linear and nonlinear thermoelasticity.
• Von Mises and Tresca thermoplasticity.
• Linear and nonlinear, associative and nonassociative Drucker-Prager, Mohr-Coulomb, and Willam-Warnke plasticity.
• Rate-independent or strain-rate sensitive yield.
• Damage through the loss of stiffness and strength.
• Evolution of porosity.
• Pressure-and shear-dependent compaction (similar to p-α models during hydrostatic loading, but generalized to include shear effects in general loading).
Kayenta has been used in applications ranging from quasistatic loading of sandstone caprock during CO 2 sequestration, ductile fracture of metals, to brittle fracture of ceramic armor systems.
Elastic-Plastic Coupling
The cap model is utilized to allow for plastic reduction of volume due to permanent reduction in pore space. Elastic moduli are also allowed to vary with plastic strain by including dependence on the plastic strain in (2.2), this is the origin of the so called elastic-plastic coupling. While elastic-plastic coupling is observed in porous materials, such as rock and concrete, its inclusion in the constitutive response requires more than merely altering the forms of the elastic moduli. Indeed, consistent inclusion of elastic-plastic coupling requires altering the equations of plasticity as described in [1, 8] . Here we demonstrate some dramatic results of implementing elastic-plastic coupling in a consistent manner.
Let the stress be linear in elastic strain
whereκ the history dependent secant bulk modulus. Theṅ
The history dependent bulk modulus is presumed to evolve proportionally with the plastic strain:κ = hκλ (2.13)
giving forσ in (2.12)σ = C:ε e + ∂σ ∂κ hκλ
where hκ is the secant bulk modulus "ISV modulus". The specific form for hκ will be derived in the following section. With the addition of the "z" tensor z, in (2.14), (2.3) becomeṡ
Form of the z Tensor
The form of z depends on the plastic strain dependence of the elastic moduli. Consider the standard secant relationship relating the elastic strain to the stress Similar arguments lead to a deviatoric component to z due to the dependence of the shear modulus on plastic strain.
Magnitude of the Plastic Strain Rate: The Consistency Condition
Combining the preceding equations, the rate of stress in the plasticity problem iṡ
The only unknown in equation (2.19) isλ and is found by demanding that during and after a plastic loading step the stress state remain on the yield surface, which leads to the consistency condition thatḟ
which is solved forλ in an iterative manner.
Some Effects of Elastic-Plastic Coupling
The effects of z on the model response was investigated and some results shown in Figure 2 .4. In Figure 2 .4, normalized pressure is plotted against total volumetric strain for hydrostatic compression of porous sandstone. The results clearly demonstrate the dramatic effect of including, or not, elastic-plastic coupling in a consistent manner.
In these simulations, neglecting z results in a 52% increase in predicted pressure and a 120% decrease in predicted volume strain. A more complete presentation of the effects of elastic-plastic coupling can be found in [8] .
Softening
Kayenta supports the progressive loss of strength by allowing the limit surface to reduce in size due to accumulated damage, as depicted in Figure 2 .5. As described in [2] , the progressive loss of strength is governed by a time to failure model predicated on the observation that cracks propogate at a fixed speed. Significant time and effort was spent developing alternative softening models allowing for total and plastic strain based damage accumulation. Softening model development was carried out in conjunction with M. Scot Swan at the University of Utah and is described in detail in [16] . For plastically compressible materials, dilatant plastic flow prohibits the decoupling of the hydrostatic and deviatoric responses, as in Equation (3.1). Instead, the material response is computed from the more general expression of Equation (2.4)
where we have substitutedṖ = κε v − 1/3λ tr p. Comparing Equations (3.1) and (3.2), if the hydrostatic/deviatoric coupling is neglected, discrepancies are seen to arise as P eos deviates from P . Such an inconsistency leads to further inconsistencies in other material variables computed from the equation of state including the soundspeed, density, and ultimately, the stable timestep. It was found that in Alegra [14] these iconsistencies ultimately manifest themselves in simulations that end prematurely due to unresolvably bad material states.
The approach developed in Alegra to resolve the above inconsistencies is an iterative approach similar to the Alegra multi-material treatment [13] , whereby the bulk modulus is given by
where c s is the energy and density dependent sound speed returned by the equation of state, and ρ is the "solid density" of the material. Using κ, the pressure is updated bẏ
and the solid density updated iteratively by
Convergence is achieved when P = P eos . In this way, the discrepancy between the mean response of the constitutive model and the pressure response of the equation of state is eliminated. The solid density ρ is interpreted as the density of the intact material absent the presence of void.
As an example of an inconsistency that can develop between the constitutive model and host finite element code, consider a case of pure shear of a single element of Kayenta material. During pure shear, the deformation is isochoric and pressure changes computed by the equation of state are small in comparison to changes in the mean stress computed from the constitutive model.
Tensile Control in Shock-Hydrocode Simulations
Control of excessive tension for non-gaseous materials becomes necessary when the deformation of the material indicates expansion to an unphysical density. Generally, equation of state models will break down under such conditions unless specific action is taken to detect and mitigate the excessive tension. The physical observation for material under these conditions is fracture for solids and cavitation for liquids.
In the Alegra code, the method for controlling excessive tension involves limiting the pressure of the material to a relaxed value less tensile than would be indicated by the expansion of the element. This results in an increased density and, consequently, a decrease in material volume fraction to satisfy mass conservation. The difference in volume is taken up by an increase in the void volume fraction.
The density associated with the relaxed pressure is obtained using an iterative with pressure computed from the equation of state as a function of density and internal energy, P eos = P eos (u, ρ).
Density iterations are estimated from dP eos /dρ and evaluated until the pressure computed by the equation of state converges to the relaxed pressure. While other codes may use other approaches to controlling excessive expansion, this "Void Insertion" approach is used by Alegra. However, this void insertion method implicitly assumes that the pressure is only a function of the equation of state and is equivalent to the mean stress of the material. With the Kayenta material model, this assumption cannot be guaranteed, particularly for dilatant behavior. Thus, the standard tensile control in Alegra cannot be utilized with the Kayenta material model, or any other material in which dilatant plastic flow is allowed. Instead, the following approach has been implemented to allow consistent response between the equation of state model and the tensile response computed in the Kayenta material model.
Returning to the assumption of the additive decomposition of the total strain in to elastic and plastic parts, the plastic strain rate is further subdivided in to parts due to plasticity and void expansion such that the elastic strain rate is now given bẏ
whereε p is the strain rate due to plasticity andε void that due to void expansion. We assume that void expansion is a purely hydrostatic process so that its rate is given bẏ
whereδ is the normalized second order identity tensor andλ void the magnitude of the rate of void strain.
The onset of excessive tensile deformation is marked by P > P spall where P spall is a material parameter representing the value of pressure at which spall is observed to occur. Analogous to computingλ such that the yield criterion is satisfied,λ void is computed such that the spall criterion P ≤ P spall :
thus, we computeλ void bẏ
Kayenta then returns both the updated stress σ and the magnitude of the void strain incrementλ void to Alegra and the material volume fraction adjusted such that mass is conserved. 
Comparison of Density with/without Tensile Control
The improved treatment of tensile states is now shown through a simulation designed to demonstrate the density and tensile control outlined in Sections 3.1 and 3.2. In this problem, a single element of Kayenta material is deformed in pure shear, upon reaching a critical value of shear strain the element is then deformed in tension along one of its diagonals, as shown in Figure 3 .2. The path through stress space for the problem is also shown.
The density response of the material is shown in Figures 3.3(a) and 3.3(b) . In Figure 3.3(a) , the pressure and density update in the Kayenta material neglected the hydrostatic/deviatoric coupling. Upon reaching excessive tensile states the density reduces to unphysical levels and the simulation eventually became unstable. There is no distinction between the element density and the solid density. In contrast, the pressure and density updates in Figure 3 .3(b) adhered to the methods outlined in Sections 3.1 and 3.2. In this simulation, there is a clear dilineation between the solid density (upper curve) and the element density (lower curve). Upon reaching the tensile limit, void is accumulated in the element, evidenced by the near constant density in the right half of the figure.
Application of Kayenta to Penetration Predictions in Ceramic Armor Systems
A target application of this project was simulating the response of ceramic armor systems to penetration from a high velocity projectile. Extensive mesh sensitivity studies were un- dertaken and documented. In an effort to keep this report as unlimited release, the results of the study are being ommitted, but are available upon request to the first author.
Conclusion
Recent efforts coupling the hydrostatic equation of state response with the deviatoric material response in Alegra finite element code were described. The inseperability of the hydrostatic and deviatoric material responses in materials exhibiting dilatant plastic flow were described. Unphysical material densities were shown to occur if the coupling is neglected. A new method of coupling the equation of state response and the deviatoric material was response was shown to resolve unphysical tensile states in a shock-hydrocode simulation, leading to more stable treatment of extreme tensile states common in the simulation of blast and penetration events. 
Chapter 4
Payette, An Object Oriented Material Model Driver
Introduction
A key element of the project was the continued development of algorithms in Kayenta that more realistically model observed material behavior in events that lead to a loss of material strength. To aid in these efforts, Payette [4] was developed for the purpose of constitutive model development and testing. Payette, a suite of tools was originally created by the first author in graduate school, for the purpose of constitutive model development and testing. The suite of tools was further developed as required to complete the project's objectives.
Payette has now also been adopted by other organization within SNL who are interested in constitutive model development and understanding. Payette was released as open source software by Sandia Corporation in August 2012. A more detailed report [9] is in preparation, presented here are key features of Payette.
Why a Single Point Material Driver?
Due to their complexity and excessive compile and link times, full-scale finite element codes do not provide an ideal environment for constitutive model development. Additionally, features such as artificial viscosity, hourglass control, and others, can mask the actual material response from the finite element response, making constitutive model development a difficult and more time consuming task than necessary. Being a stand alone material model driver, Payette allows the constitutive model developer to concentrate entirely on the material response during model development by driving the constitutive model directly at a single material point by prescribed forcing functions, thereby eliminating any artifacts of the finite element host code. Verification of constitutive model response and validation against experimental evidence is more easily realized in this stand alone environment. Other advantages of Payette are:
• Payette is a very small, special purpose code. Thus, maintaining and adding new features is very easy.
• Simulations are not affected by irrelevant artifacts such as artificial viscosity or uncertainty in the handling of boundary conditions.
• It is straightforward to produce supplemental output for deep analysis of the results that would otherwise constitute an unnecessary overhead in a finite element code.
• Specific material benchmarks may be developed and automatically run quickly any time the model is changed.
• Specific features of a material model may be exercised easily by the model developer by prescribing strains, strain rates, stresses, stress rates, and deformation gradients as functions of time.
• Rapid development of new model features.
In the author's and other analysts' experience, the use of Payette has led to significant decreases in the time required to develop and implement model features and parameterize constitutive models with experimental data. To follow are descriptions of some key features.
Obtaining and Building Payette
Payette can be obtained by downloading the source code from the central repository [4] . Instructions for building and installing Payette are included with the source code. 
Visualization of Constitutive Model Data
In addition to the GUI for running Payette simulations, a visualization toolkit has also been developed for creating 2D plots of model outputs, shown in Figure 4 .2.
Being able to implement new model features and then visualize the effects of those features on model results in a rapid fashion has proven invaluable for efficient constitutive model development.
Parameter Sensitivity and Optimization
Payette has builtin the ability to assist in understanding the sensitivity of a constitutive model to model parameters by running a batch of simulations using permutated parameters. Additionally, optimized model parameters can be determined by minimizing the difference between simulation outputs and known results by varying model parameters. Instructions for these tasks are given in the permutation and optimization blocks. 
end permutation
The preceding input spawns simulations where the value of B0 is replaced with the current value of PARAM1, chosen sequentially from VAL1, VAL2, .... Similarly for G0. Directories containing each individual simulation and its output are stored and mapped so that the results of the permutation job can be visualized and model sensitivity determined.
The optimization Block
Payette has the ability to assist in the parameterization of material models through an optimization process whereby optimal parameters are found by minimizing errors on selected simulation output. Minimization is performed using SciPy's minimization module. The basic syntax is: In the preceding block, the values of K and G are optimized by minimizing the composite difference between the simulated sig11, sig22, and sig33 and some known to be good sig11, sig22, and sig33 in the "gold" file. In Figure 4 .3, the results are shown from a selection of the optimization outputs for a simulation in which the elastic bulk and shear moduli were fit by minimizing the difference between normal stresses. SIG11 from the gold file is shown overlayed on the simulation results, showing the quality of the fit for the optimized parameters.
Conclusion
Payette has proven to be an invaluable tool for the development and study of new constitutive routines. The speed up in development and use of constitutive models is significant to both model developers and analysts. The influence of Payette is expanding beyond the scope of just this project and has been adopted by a number of analysts and groups at SNL who work in the area of constitutive model development and visualization.
Chapter 5 Conclusion
A key focus of this Early Career Lab Directed Research and Development project was the development of constitutive softening routines in the Kayenta material model and itegration of those routines in the Alegra finite element code. As a result of this project, several new technologies have been deployed in to production at SNL:
Kayenta New algorithms for incorporating in a thermodynamically consistent manner a high pressure equation of state in Kayenta were developed. Improved descriptions of material damage and softening were implemented, including a novel spall failure criterion. New forms of fitting functions for elastic moduli were implemented and orthotropic jointing capabilities enhanced.
Sierra SM Kayenta has been deployed in the Sierra SM suite of tools including integration with the multi-level control failure algorithms.
Alegra Equation of state and damage routines in Kayenta were fully integrated in release versions of the Alegra finite element code.
Payette Payette was developed in conjunction with material modeling efforts as a framework for model development. 
